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1. INTRODUCTION 
In [ 121 Mawhin gives an abstract theorem which he uses to obtain the existence 
and uniqueness results of Lazer and Sanchez [IO] and Lazer [8] for the periodi- 
cally perturbed conservative system 
Y” + grad G(Y) =.f(t) 
y(O) = Y&4 y’(0) = y’(24. 
(l-1) 
It is assumed thatf is continuous and 2rr-periodic and G E Cz is such that there 
exists and integer m and real numbers 4 and p such that 
m21 < 41 < (PG(a)/& ax?) < pI < (m $- 1)21, for all a E W. 
Using similar techniques, Kannan and Locker in [5] obtained the same 
result and, in addition, they extend the result of Lazer and Leach [9] which 
gives the existence of solutions to nonlinear boundary value problems of the form 
y” + Yt, y, Y’)Y =f(c Y, Y'>* 
Y(O) = a, y(r) = 6. 
(1.2) 
Lazer and Leach assume that h and f arc continuous, that f is bounded, and 
that there exists a positive integer flz and 6 > 0 such that (m + 8)2 $ h(t, y, JX) < 
(m + 1 - S)2 for all t, y, Z. Kannan and Locker’s theorem in [5] gives the 
existence of at least one solution of 
Ty - h(t, y ,..., y’“-l’)y = f(t, y ,..., y(“-lb), a<t<b 
By = 0, 
(1.3) 
where T is an nth order linear, symmetric differential operator with Coo coeffi- 
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cients, the leading coefficient non-vanishing in [a, b]. With the boundary 
condition By = 0, T defines a self-adjoint operator, L, in L, . The assumptions 
on h andf are 
(i) h and f are continuous, 
(ii) f is bounded, 
(iii) there exist real numbers q < p so that 
4 < h(t, y1 ,...T Yn) d P for t E [a, b], yi E R, l<i<?Z, 
and none of the eigenvalues of L lie in [q, p]. 
In this paper, Mawhin’s theorem (stated as Theorem 2.1) is used with 
topological methods to dispense with condition (ii) and weaken condition (iii) 
of Kannan and Locker’s theorem. The abstract results are applied to elliptic 
equations, thus, also extending some of the results of Landesman and Lazer 
in [7]. In [3] the author uses the Mawhin theorem to obtain existence and 
uniqueness of weak solutions to other nonlinear systems of P.D.E’s, including 
a nonlinear perturbation of the wave equation. Recently, Ward has shown in 
[ 131 that solutions to (1.1) exist under weaker hypotheses on G and f. 
2. ABSTRACT RESULTS 
Let H be a (real or complex) Hilbert space with inner product (., .> and 
norm 1 . 1. Let L : domL C H -+ H be a linear, self-adjoint operator with 
spectrum (T and N: H + H be a mapping having a GPteaux derivative N’(u) E 
B(H), the bounded linear operators on H, and such that X’(u) is symmetric 
for all ti E H. Suppose that there exist real numbers q < p so that q1 < N’(U) < 
pI for all u E H, I being the identity in B(H) and the partial ordering being 
defined by A > 0 if and only if (A u, U) 3 0 for all u E H. The main result in [12] 
may be stated as follows: 
THEOREM 2.1 (Mawhin). Let L and IV be as above. Suppose that 
l-4, PI n fJ = 4 
then 
Lu - Nu = y 
has a unique solution for each y E H. Furthermore, 
(2.1) 
(2.2) 
l(L - WY, - (L - W’YZ I < c I Y1- y2 I, 
where C = l/dist([q, p], 0). 
Now, let HI and Hz be Hilbert spaces with inner products (., .)r and (*, -)a and 
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norms 1 . II and / . Ia, respectively, such that HI is continuously imbedded in H, 
and H, is continuously and compactly imbedded in HI , with 1 * II < 1 * I2 . 
Suppose that L satisfies a coercivity condition 
(4 dom L C H, and there exists M such that 
]ula <M([uI + ILuI)foralluEdomL. 
Let R > 0 and let h be a mapping satisfying: 
@I) h: B,(O, R) + B(H) is continuous 
where B,(O, R) is the open ball in HI which has center 0 and radius R, 
VkJ h(u) is symmetric for each zu E &(O, R), and 
w there exist real numbers q < p such that 
q1 < h(w) < p1 for each w E Z&(0, Ii). 
THEOREM 2.2. Let L and h be as abooe and, in addition, satisfy the non- 
resonance condition [q, p] n a = +. Suppose that the mapping f: &(O, R) -+ H 
is continuous, bounded, and satisfies 
(F> I f (w)l < RK for all w E HI such that j w II = R, 
where K = &P1((max{] q 1, 1 p I} + 1)C + 1)-l. 
Then the equation 
Lu - h(u)24 = f(u) 
has at least one solution in H, n B,(O, 2;)). 
(2.3) 
Remark 2.3. In the event that (hl) - (hJ hold for all positive R and thatf 
is defined on all of HI, then condition (F) will be satisfied if f has sublinear 
growth outside some bounded set in HI , that is, in case 
or if f has superlinear growth inside some neighborhood of 0 in HI , that is, if 
,$J, If bw w II = 03 1 (2.5) 
however, in this case zero is a solution. This is avoided if f is a slightly perturbed 
superlinear function. 
Proof of Theorem 2.2. Fix w E &(O, R) and define N(u) = h(w)u, y = f(w), 
then Theorem 2.1 applies and there exists a unique solution, II, of 
Lu - h(w)u = f(w). (2.6) 
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Thus, the mapping T: &(O, R) -+ dom L C H, C HI defined by Tw = u, 
where ZI is the unique solution of (2.6), is well defined. The operator N = h(w) 
is linear for each fixed w E &(O, R) so Theorem 2.1 shows that 
Thus, writing (2.6) as 
we have 
Tw = a = (L - h(w))-If(w), G3 
Now, by condition (L) 
I aI2 <J,f(lu! + IW) 
< M-(1 21 j + 1 Lu - h(zu)u ! + /I R(w)lj ! 2l i) 
= AU 24 I + If@)1 + II h(w)li I u I> 
d IV I f(fu)l (C + 1 + C =$I 4 1, I P I>), 
that is, 
1 2-z I2 < K-l I f(w)l* (2.9) 
Suppose that wr , .w2 E B,(O, R) and ur = Tzq , uz = Tzo, , then zli - al, 
satisfies 
L(2.8, - u2j - ~(w,)(u, - 2~~) = @a(~,) - ~(w,))u, +f(wl) -f(~uJ 
which is of the form (2.6). Thus, by (2.9) 
and T is continuous from &(O, R) into H2 . Since the imbedding Hz C HI is 
continuous and compact, the mapping T: B,(O, R) + HI is completely ton- 
tinuous. 
We now show that the Leray-Schauder degree, (see [Ill), d(1- T, B,(O, R), 
0) is defined and nonzero. Consider the map defined by 
S(t, w) = zu - t Tw for (t, .ZU) E (0, l] X B,(O, R). 
S satisfies the usual continuity and compactness conditions and does not vanish 
on the surface of B,(O, R) for each t E [0, 11. Indeed, if S(t, W) = 0 for some 
t E [O! 11, ! .W jl = R, then letting u = Tw, (2.9) and (F) give 
R=Iw/,=tjTwl/l< Iu/,<K-l[f(W)j <R, 
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a contradiction. The invariance of Leray-Schauder degree under homotopy 
implies that d(S(t, .), B,(O, R), 0) is defined and constant for 0 < t < 1. Thus 
d(l- T, B,(O, R), 0) = d(L B,(O, R)> 0) = 1. 
It follows that there exists a w E B,(O, J2) such that Tw = w, and so w E Hz 
and by (2.8) 
Lw - h(zu)w = f(w). 
This completes the proof. 
3. ELLIPTIC SYSTEMS 
Let G be a bounded domain in R”, rrz 3 1, having a smooth boundary. For 
j > 0 let Hj denote the completion of P(G) with respect to the norm 
where a is a multiindex a = (ur ,..., a,). For K > 1 let 
H = fi Ho, 
i=l 
k 
Hl = n H”“+, and H, = fi H”i, 
i=l i=l 
where IQ >, I, 1 < i < K. Clearly, the imbeddings H, C HI C H are continuous 
and Rellich’s theorem (see, e.g., [l]) shows that the imbedding Hz C HI is 
compact. Also, 1 . /i < 1 . je . 
Let T = diag(T,), where Ti is a linear, formally self-adjoint, n,th order, 
uniformly elliptic differential operator. We shall impose boundary conditions 
by means of a boundary operator of the form B = diag(B,), where for i = l,..., K, 
( Ti , BJ defines a self-adjoint operator in L, with domain in H’“i. For instance, 
Bi could be a generalized Dirichlet or Neumann boundary operator (see, e.g. 
[3], [4], [14]). It follows that T, l3 defines a self-adjoint elliptic operator L in H 
with domain in Hz and 
I~I,~w~~+lL~I), for u E dom L, 
for some constant M, (see Agmon [l], p. 266). Thus, the operator L satisfies 
condition (L) of section 2, this being the only reason to restrict our attention 
to elliptic operators. Let u denote the spectrum of L. 
As for the mapping h, we could consider several interesting cases, however, 
for simplicity we shall take h to be the evaluation map associated with a symmetric 
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k x k matrix function (IQ). It is assumed that this matrix is measurable with 
respect to its m space variables and continuous with respect to those I (say) 
arguments accomodating the components of the vector zl and those derivatives 
which are admissible for u E Hr. Further, assume that h,,(., q(.),..., q(.)) 
lies in Ho, 1 < i, j < K, whenever c‘s E Ho, 1 < s < r, thus assuring the 
continuity of h: HI + B(H), ( see, e.g., [6] p. 22). Suppose that there exist two 
real numbers, q <p, such that the matrix h(.zu) is bounded below by 41 and 
above by ~1, for all w E B,(O, R), for some R > 0. Thus, the mapping h satisfies 
(A,) - (h,) of section 2. Suppose [q, p] n 0 = 2. Let 
have components which obey the same continuity assumptions as the com- 
ponents of the matrix h, thus, the evaluation map F associated with f is continuous 
from HI into H. We requireF to map bounded sets in HI into bounded sets in H. 
We also assume that F satisfies condition (F). For instance, it is routine to check 
that this condition is satisfied if we assume that R = cy;! and 
for x E G, (vi) E BP, where ~((vi))/~(vi)~ -+ 0 as [(vi)1 -+ co, i(q)1 being the 
Euclidean norm of the vector (vi) E [WV. 
With the above conditions satisfied, Theorem 2.2 guarantees the existence 
of a weak solution to the elliptic system 
diag( Ti) U(X) - (i&(x, h(x)))kXk u(x) = f(.? Du(x)), XEG 
diag(&)n = 0, 
(3.1) 
where Du represents that vector whose components are the partial derivatives 
of ui of order less than lzi , 1 < i < k. 
EXAMPLE 3.1. Let G = (0, rr) x (0, r) and consider the 2 x 2 system 
Ll*u, - 2422 + sin2(D(1~0)u,/[ x 1)) - ug cos(D”**~z4,) = (D(“,l)u, f lj1j3 
(3.2) 
-Au, - u1 cos(D(1%,) - ~~(23 - u2*/(u2* + exp(D(s%r))) = (De%+ + l)a!a 
with the boundary conditions 
u&x) = d,(x) = 0, XEaG, 
(3.3) 
(au,zlz)(x) = 0, XEaG, where R is an outward normal to 6G at x. 
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It is easy to check that the spectrum of the self-adjoint operator associated with 
(“,” ?A) and (3.3) is (7 + k2 : j, K are integers) 
Furthermore, the matrix inequality, 
2OI< 21I< 
22 + sin2(a) cos(b) 
cos(b) 23 - c”/(c’ + exp(d)) ’ 241 < 25’* 
holds for all real a, 6, c, d. Note that lf(~, vr ,..., v,)l = ((vi + 1)2/3 + (vj + 
1)4/3)1/8 for some i,j and so I~(x, vr ,..., v,)l/l(v, ,..., v,.)[ -+ 0 as [(vi ,..., v,r)/ + co, 
thus, condition(F) holds. Consequently, (3.2)-(3.3) has at least one weak solution 
(Ul? 2 u ). It can be shown that the solution is actually a classical solution and using 
Theorem 2.2 a bound for this solution in H3 x H1 can be obtained. 
Remark 3.2. In the event that (3.1) is a system of ordinary differential 
equations and ($j), f are continuous functions, then the weak solution is actually 
a classical solution. When (3.1) is a system of partial differential equations, 
regularity of slutions depends on the relationship which exists between the 
dimension of the space, the order of the elliptic operator, and the boundary 
conditions, (see [l], [2], [4]). 
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